Abstract * † In this paper we extend methods of Rubin to prove the Gras conjecture for abelian extensions of a given imaginary quadratic field k and prime numbers p which divide the number of roots of unity in k
group of K, and let g := [K : k]. Then, by applying the elementary approach used in [13] (hence without using Euler systems), we prove the following formula for every nontrivial irreducible rational character Ψ of G.
(1)
where e Ψ is the idempotent of Z[g −1 ] [G] associated to Ψ. By #X we mean the cardinality of the finite set X. Of course the formula (1) is already known if we replace g by w k g. This is a consequence of [9, Theorem 1] . Let us remark that the product of (1) for all the nontrivial irreducible rational characters of G yields the equality
which is known since a long time. Indeed, (2) is a straightforward consequence of [1, Théorème 5] . It was the ultimate ingredient used by Rubin to prove the Gras conjecture. In the two last sections 4 and 5, we define our Euler systems for p |w k and establish all the results needed to apply them to the p-part of the ideal class group of K. Their application gives Theorem 5.4, which, by the help of (1) (in fact (2) is sufficient), implies Theorem 1.1. Let p be a prime number such that p |w k and p ∤ [K : k]. Let χ be a nontrivial irreducible Z p -character of G. Then
where e χ is the idempotent of Z p [G] associated to χ.
In a forthcoming paper we shall apply Theorem 1.1 to the main conjecture for prime numbers p, p |w k .
The group E K
It is well known that Stark conjectures are satisfied for abelian extensions of imaginary quadratic fields. Moreover, the Stark units are constructed by using appropriate elliptic units. On the other hand, the groups of elliptic units are generated by the norms of these Stark units. We explain this below.
For each nonzero ideal m of O k , we denote by H m ⊂ C the ray class field of k modulo m. Suppose m ∈ {(0), O k } then Stark proved in [11] the existence of an element ε = ε m ∈ H m caracterized, up to a root of unity, by the following three properties (i) Let w m be the number of roots of unity in H m . Then the extension H m (ε 1/wm )/k is abelian.
(ii) If m is divisible by two prime ideals then ε is a unit of O Hm . If m = q e , where q is a prime ideal then
where (q) m is the product of the prime ideals of O Hm which divide q.
(iii) Let |z| = zz for any complex number z, wherez is the complex conjugate of z. Then
for all the complex irreducible characters χ of Gal(H m /k).
is the L-function associated to χ, defined for the complex numbers s such that Re(s) > 1, by the Euler product
where p runs through all prime ideals of O k not dividing m. For such ideal, σ p and N(p) are the Frobenius automorphism of H m /k and the order of the field O k /p respectively. For any finite abelian extension L of k, we denote by µ L the group of roots of unity in L, by w L the order of µ L and by [12, page 82, Lemme 1.1] and the property (i) of ε m imply that for any η ∈ F Hm there exists ε m (η) ∈ H m such that
Definition 2.1. Let P K be the subgroup of K × generated by µ K and by all the norms
where m is any nonzero proper ideal of O k and η is any element of F Hm . By definition,
We give at the end of section 4 an other description of E K as a group of elliptic units.
3 The weak Gras conjecture for E K Let p ∤ g be a prime number, and let Z (p) be the localization of Z at p. Let O p be the integral closure of
LetĜ be the group of complex irreducible characters of G.
Lemma 3.1. Let χ ∈Ĝ be such that χ = 1. Let χ pr be the character of Gal(H fχ /k) defined by χ, where f χ is the conductor of the fixed field K χ of ker(χ). Then the following equality holds in C[G]
Proof. The formula (5) is a direct consequence of (4), and can be proved exactly as the formula (3.2) of [13] . Indeed, Let m be a nonzero proper ideal of O k and let η ∈ F Hm . Let
, where res Hm K : F Hm −→ F K is the natural restriction map. Since this map is surjective we can proceed now exactly as the proof of the formula (3.2) of [13] .
To prove the formula (1) This leads to the identity
which may be used as a definition of (M : N). We refer the reader to [10] for more details about this generalized index. 
Lemma 3.3. Let Ψ be a nontrivial irreducible rational character of G. Then there exists u ∈ O × p such that
Proof. Let γ be an automorphism of the R-vector space
In the same manner, since (γ(b χ ) χ|Ψ and (R χ e χ ) χ|Ψ both are
Lemma 3.4. Let F ⊆ K be an extension of k, and let R F be the regulator of F . We denote by Ξ F the set of χ ∈Ĝ such that χ is trivial on Gal(K/F ). Then, there exists
Proof. It is easy to see that
) is finite and annihilated by #D. Thus,
for some unit w ∈ O × p . To get the formula (7) we proceed now exactly as in the proof of Lemma (3.3).
Theorem 3.5. Let Ψ be a nontrivial irreducible rational character of G. Then
Proof. Since K χ does not depend on the choice of χ|Ψ, let us set K ψ := K χ . Let Ξ Ψ be the set of χ ∈Ĝ such that ker(χ) strictly contains Gal(K/K Ψ ). For any I ⊆ Ξ Ψ , we define
For any I ⊆ Ξ Ψ let ζ K I (resp. ζ k ) be the Dedekind zeta function of K I (resp. k), and let ζ K I (0) be the first nonzero coefficient of the Taylor expansion of ζ K I (s) at s = 0. We also set Ξ I := Ξ K I . It is well known that ζ K I has a zero of order [K I : k] − 1 at 0, and that for any nontrivial χ ∈Ĝ, s → L fχ (s, χ pr ) has a zero of order 1 at 0. Then,
where h I := # (Cl(K I )), w I := # (µ K I ), and R I is the regulator of K I . For any χ ∈Ĝ, let h χ ∈ O p and w χ ∈ O p be such that
By the inclusion-exclusion principle, as in the proof of [13, Proposition 3.2] we obtain from (8) and Lemma 3.4 the formula
Let us remark that
which implies (10) . Therefore, proceeding as in the proof of Lemma 3.3, one can show from Lemma 3.1 and (10) that
From (11) and (9), we obtain
From (12) and Lemma (3.3), we have
Since p is prime to g, (13) gives
This being true for every prime p ∤ g, and since the integers we are comparing are prime to g, we have
, and the theorem follows.
The Euler system
For any finite abelian extension F of k, and any fractional ideal a of k prime to the conductor of F/k, we denote by (a, F/k) the automorphism of F/k associated to a by the Artin map. If a ⊂ O k then we denote by N(a) the cardinality of O k /a. Let I be the group of fractional ideals of k and let us consider its subgroup P := {xO k , x ∈ k × }. Let H := H (1) ⊂ C be the Hilbert class field of k. Then, the Artin map gives an isomorphism from Cl(k) := I/P into Gal(H/k). Let p be a prime number such that p|w k , and let Cl p (k) be the p-part of Cl(k). Then, fix a 1 , . . . , a s , a finite set of ideals of O k such that
where <ā i > = 1 is the group generated by the classā i of a i in Cl(k). If n i is the order of
Let p|w k be a prime number as above, and let M be a power of p. Let µ M be the group of M-th roots of unity in C. Then we define (17)
Moreover, we denote by L the set of prime ideals ℓ of O k such that ℓ splits completely in the Galois extension K M a 
For the convenience of the reader we recall now the construction of Euler systems by using elliptic units. To this end we use the elliptic functions Ψ(.; L, L
introduced by G. Robert in [4] and [6] , where L ⊂ L ′ are lattices of C such that the index 
In particular P K is generated as an abelian group by µ K and by all the norms 
Therefore, the map α : S(mg) −→ C × , defined by
is an Euler system satisfying α(1) = Ψ m (g). In particular we have Remark 4.3. We recall that the group of elliptic units considered by Rubin in [8] and [9] is the subgroup of O × K generated by µ K and by all Ψ m (g) σ−1 , where σ ∈ G and m and g are as above. Let us denote this group by C K . It is clear that C K ⊂ E K and (E K ) g ⊂ C K , and then
The Gras conjecture
Exactly as in [8, Proposition 2.2], one can prove that for any Euler system α :
Let I = ⊕ λ Zλ be the group of fractional ideals of K written additively. If ℓ is a prime ideal of O k then we define I ℓ := ⊕ λ|ℓ Zλ. If y ∈ K × then we denote by (y) ℓ ∈ I ℓ ,
[y] ∈ I/MI and [y] ℓ ∈ I ℓ /MI ℓ the projections of the fractional ideal (y) := yO K . Let us suppose that ℓ ∈ L. Let λ ′ be a prime ideal of O K(ℓ) above ℓ, and let π ∈ λ ′ − (λ ′ ) 2 . Then
well defined, does not depend on π and, in fact, has exact order M. Thus, the isomorphism
such that the image of an element x := ⊕ λ|ℓ (x λ ) e λ isφ ℓ (x) := ⊕ λ|ℓ e λ λ. Let us consider the map
which associates to z the sum ⊕ λ|ℓ z λ such that the image of
The map ϕ ℓ induces a homomorphism
we also denote by ϕ ℓ . Then, as in [8, Proposition 2.4], one can prove that for any Euler system α : S(g) −→ C × , and any a ∈ S(g), such that a = 1
In the sequel, if p is a prime number such that p ∤ 
Lemma 5.1. Let p be a prime number such that p |w k , and let M ≥ p be a power of p. Let us consider the natural map
(ii) If 4 |M and w k ∈ {2, 6} then ker(Θ) is generated by the projections in
In particular, ker(Θ) is annihilated by Kummer extension and a 1 , . . . , a s are elements of k, the kernel of the natural map
we have
Suppose now that p = 2 and w k ∈ {2, 6}. Then K M = K(µ 2M ). By using the same arguments as before, we see that
we are done. Let us assume that µ 4 ⊂ K and 4|M; and write x = z M ζ, for some z ∈ K(µ 4 ) and ζ ∈ µ k . Let σ be the unique nontrivial automorphism of K(µ 4 )/K. If z σ−1 ∈ µ 2 then it is easy to check that
Suppose we are in the case z σ−1 = i, where i 2 = −1. Since σ(i) = −i and
is a root of unity of order 8. An easy computaion shows that we can not have z σ−1 = ζ 8 . This proves the assertions (i) and (ii). The reste of the lemma is straightforward.
Lemma 5.2. Suppose p is a prime number such that p ∤ [K : k] and p|w k . Let M be a power of p. Let χ be a nontrivial irreducible Z p -character of G. Let H χ be the abelian
Proof. The group G acts trivially on Gal(
By Kummer theory we deduce from the inclusion 
for any c ∈ A whose restriction to L is c ′ , there are infinitely many prime ideals λ of O K of degree one such that (i) the projection of the class of λ in A is c,
deduce from Lemma 5.1 that the Galois group of the Kummer extension 
By Chebotarev density theorem there exist infinitely many primes λ of O K whose Frobenius in Gal(HK ′ (W 1/M )/K) is the congugacy class of σ, and such that ℓ : 
Proof. We proceed exactly as [8, proof of Theorem 3.2] or [2, proof of Theorem 4.4]. Letχ be a Q p -irreducible character of G such thatχ|χ, and letχ(G) := {χ(σ), σ ∈ G}. Then, the ring R :
, which is the ring of integers of the unramified extension Q p [χ(G)] of Q p . Thus, R is a discret valuation ring. Moreover, the R-torsion of any R-module is equal to its Z p -torsion. Since χ = 1, Dirichlet unit theorem implies that the quotient (O × K ) χ /(µ K ) χ is a free R-module of rank 1. Let us define
Let µ, U and V be the images of
M respectively. We deduce from above that, U χ /µ χ is a free R/MR-module of rank 1. But since
for some divisor t of M, there exists ξ ∈ U χ giving an R-basis of U χ /µ χ and such that . Now, by the definition of t i+1 , the fractional ideal of O K generated by κ(a i+1 ) χ is a t i+1 -th power. Thus, we must have t i+1 |t i . Actually, we can say more. Indeed, there exist ζ ∈ µ K and z ∈ K × such that κ(a i+1 ) χ = ζz t i+1 . Therefore, (22) and 
Proof of Theorem 1.1. Let the hypotheses and notation be as in Theorem 1.1. Let Ψ be the irreducible rational character of G such that χ|Ψ. The formula (1) may be written as follows
where χ ′ runs over the irreducible Z p -characters of G such that χ ′ |Ψ. Moreover, the formula (23) is satisfied for such characters χ ′ since χ = 1. This implies (3).
